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Abstract. We continue studying the problem of analytic approximation of ma- 
trix functions. We introduce the notion of a partial canonical factorization of a 
badly approximable matrix function $ and the notion of a canonical factoriza- 
tion of a very badly approximable matrix function Such factorizations are 
defined in terms of so-called balanced unitary- valued functions which have many 
remarkable properties. Unlike the case of thematic factorizations studied earlier 
in [PYl], [PY2], [PT], [API], the factors in canonical factorizations (as well as 
partial canonical factorizations) are uniquely determined by the matrix function 
$ up to constant unitary factors. We study many properties of canonical fac- 
torizations. In particular we show that under certain natural assumptions on 
a function space X the condition $ e AT implies that all factors in a canonical 
factorization of $ belong to the same space X. In the last section we charac- 
terize the very badly approximable unitary-valued functions U that satisfy the 
condition ||^f(7||o < 1- 

1. Introduction 



The problem of uniform approximation by bounded analytic functions has been 
studied for a long time. It was proved in [Kh] that for a continuous function on 
the unit circle T there exists a unique best approximation / by bounded analytic 
functions and the error function if — f has constant modulus almost everywhere on 
T. Since that time this approximation problem has been studied by many authors. 
An important step in developing the theory of approximation by analytic functions 
was the Nehari theorem [Ne] according to which the distance from an L°° function 
ip to the space H°° of bounded analytic functions is equal to the norm of the Hankel 
operator : H"^ =^ if ^ defined by 

where P_ is the orthogonal projection onto H^. Hankel operators were used es- 
sentially for further development of this theory in [AAKl-3] and [PK]. 

Later it turned out that the approximation problem in question plays a crucial 
role in so-called H°° control theory. Moreover, for the needs of control theory 
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engineers have to consider matrix-valued functions. We refer the reader to [F] for 
an introduction in H°° control. 

In this paper we continue the study of best analytic approximation of matrix- 
valued functions. We consider the space L°°(Mm,n) of essentially bounded functions 
which take values in the space M^_„ of m x n matrices and endow it with the norm 

||$||l<^ =esssup||*(C)||M„.„, 

CeT 

(the space M^^„ is endowed with the operator norm in the space of operators from 
to C"*) and we study approximations of functions $ e L°°(M^^„) by functions 
in the subspace if°°(Mm^„) of L°°{Mm,n) that consists of bounded analytic matrix 
functions in the unit disk D. 

However, it is well known and it is easy to see that in the matrix case a contin- 
uous (and even infinitely smooth) function $ generically has infinitely many best 
approximations by bounded analytic functions. It seems natural to impose addi- 
tional constraints on a best approximation and choose among best approximations 
the "very best" . 

To introduce the notion of very best approximation, we recall that for a matrix 
A (or a Hilbert space operator ^4) the singular value Sj{A), j > 0, is by definition 
the distance from A to the set of matrices (operators) of rank at most j. Clearly, 

so{A) = \\A\\. 

Given a matrix function $ e L°°(M.m,n) we define inductively the sets flj, 
< J < min{m, n} — 1, by 

Oo = {F e ii"°°(M^,„) : F minimizes to = ess sup ||*(C) - F(C)||}; 

CeT 

Qj = {F e flj-1 : F minimizes tj =^ ess sup Sj{^{C) - F{())}. 

CeT 

Functions in r2min{m,n}-i are called superoptimal approximations of $ by bounded 
analytic matrix functions. The numbers tj — tj{^) are called the superoptimal 
singular values of $. Note that the functions in Qq are just the best approxima- 
tions by analytic matrix functions. The notion of superoptimal approximation was 
introduced in [Y]. 

It was proved in [PYl] that for a continuous mxn matrix function $ there exists 
a unique superoptimal approximation F by bounded analytic matrix functions and 
the error function $ — F satisfies 

Sj($(C) - F(C)) = tj{^) almost everywhere on T. (1.1) 

Later this uniqueness result was obtained in a different way by Treil [T] . 

In [PT] the uniqueness result was improved. It was shown in [PT] that if 
$ e L°°(M^^„) and the essential norm ||i?$||e of the Hankel operator is less than 
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the smallest nonzero superoptimal singular value of $, then there exists a unique 
superoptimal approximation F by analytic matrix functions and ( |1 . 1|) holds. 

For $ e L°°{Mm,n) the Hankel operator Hq> : //^(C") ^ Hl{C'') is defined in 
the same way as in the scalar case: Hq>f = P_<l>/, its norm is given by 

=distLoo($,/7°°(M^,„)), 

([Pa]) and its essential norm is equal to 

IliJ^lle = distioc($, (i/- + C){Mm,n)) 

(see e.g., [Sa] where the proof of this formula in the scalar case is given, in the ma- 
trix case the proof is the same). Clearly, is equal to the largest superoptimal 
singular value to('^') of 

In [PYl] and [FT] it was shown that if $ satisfies the above conditions and F is 
the unique superoptimal approximation of $, then the error function $ — F admits 
a so-called thematic factorization (see §2 for precise definitions). The technique 
of thematic factorizations turned out to be very fruitful (see [FYl], [FY2], [FT]). 
However, in the case of multiple superoptimal singular values the factors in a 
thematic factorization essentially depend on the choice of a factorization and by 
no means they can be determined by the matrix function $ itself. 

In this paper we consider a modification of the notion of a thematic factorization. 
Under the same assumptions on $ we show that for the superoptimal approxima- 
tion F the error function $ — F admits a so-called canonical factorization. Unlike 
the case of thematic factorizations the factors in canonical factorizations are deter- 
mined by the function $ modulo constant unitary factors. Similarly, we consider 
so-called partial canonical factorizations for badly approximable matrix functions 
and prove the same invariance properties. This is done in §8. 

Canonical factorizations are defined in terms of so called balanced unitary- valued 
matrix functions which are defined in §3. The notion of a balanced matrix function 
generalizes the notion of a thematic matrix function that was used to define a 
thematic factorization. We discuss some remarkable properties of balanced matrix 
functions in §3. 

Recall that a matrix function $ is called badly approximable if the zero function 
is a best approximation of $ by bounded analytic matrix functions. A matrix 
function $ is called very badly approximable if the zero function is a superoptimal 
approximation of $ by bounded analytic matrix functions. 

In §4 we prove that badly approximable matrix functions admit so-called partial 
canonical factorizations. In §5 and §6 we compare (partial) thematic factorizations 
with (partial) canonical factorizations and deduce a number of results on partial 
canonical factorizations from the corresponding results on partial thematic factor- 
izations proved earlier in [FYl] and [FT]. Canonical factorizations of very badly 
approximable functions are discussed in §7. 
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§9 is devoted to hereditary properties of (partial) canonical factorizations. In 
other words for many important function spaces X we prove in §9 that if $ is a 
badly approximable matrix function whose entries belong to X, then the entries of 
all factors in a partial canonical factorization of $ also belong to X. In particular 
if $ e + C){M.jn,n) 1 then the entries of all factors in a canonical factorization 
of $ belong to the space QC of quasi-continuous functions. 

In §10 we characterize the very badly approximable unitary- valued functions U 
under the assumption ||-ff[/||e < 1- Such unitary- valued functions are involved in 
canonical factorizations. 

Finally, in §2 we give definitions and state results that will be used in this paper. 



2. Preliminaries 



Toeplitz operators and Wiener— Hopf factorizations. For a matrix func- 
tion $ e L°^{Mm,n) the Toeplitz operator : H'^{C^) H^{C^) is defined by 

Suppose now that m = n. By Simonenko's theorem [Si] (see also [LS]), if T$ is 
Fredholm, then $ admits a Wiener-Hopf factorization 



/ z'^^ • • • \ 
z'^^ ■■■ 



\ ■■■ z"^" J 

where di, - ■ ■ ,dn & and Qi and Q2 are matrix functions invertible in i7^(M„^„). 
It is always possible to arrange the Wiener-Hopf indices dj is the nondecreasing 
order: di < ■ ■ ■ < dn in which case they are uniquely determined by $. 

Mciximizing vectors of vectorial Hankel operators. Let $ be a matrix 
function in L°°(M^,„) such that the Hankel operator : H^iC") H'i{U^) has 
a maximizing vector / G ff^(C"). Let F be a best approximation of $ by bounded 
analytic matrix functions. Put g = H^f. Then 

iJ$/ = (<I>-F)/, 

mC) - i^(C)l|M„.„ = ||^$|| for almost aU C^T, 
||^(C)||c- = 11^*11 -[[/(Ollc- for almost all C e T, 

and f{() is a maximizing vector of $(() — F{() for almost all C £ T ([AAK3], see 

also [PYl]). 

Badly approximable scalar functions. If </? is a nonzero continuous scalar 
function on the unit circle, then (p is badly approximable if and only if ip has 
constant modulus and its winding number wind</7 is negative (see [AAKl] and 



[Po]). If 9? is a nonzero scalar function in + C, then 99 is badly approximable 
if and only if |</?| is constant almost everywhere on T, (/? e QC and indT,^ > (see 
[PK]). Here 

H°° + C^^{f + g: /eC(T), g e H^} 
is a closed subalgebra of L°° and 

QC = {/ei/°° + C: feH°° + C}. 

Note that if 93 G QC* and = const > 0, then the Toeplitz operator is 
Predholm. 

These results can easily be generalized to the set of scalar functions tp G L°° 
satisfying ||-ff<^||c < Under this condition ip is badly approximable if and 

only if 1^9 1 = const and indT,^ > 0. Again it is easy to see that if \(p\ = const and 
||if^||e < ll-f^v'll, then is Predholm. 

Inner and outer matrix functions. A matrix function $ e H°°{Wlfn^n) is 
called inner if $*((^)$((^) = J„ for almost all C ^ T, where /„ stands for the 
identity n x n matrix (or the matrix function identically equal to /„). 

Consider the operator of multiplication by z on H^{C^). If £ is a nonzero 
invariant subspace of this operator, then by the Beurling-Lax theorem, there exists 
an inner matrix function © e i7°°(M„ ,.) such that 

£ = ei/2(co. 

In this case 

dim{/(C) : / e = r for almost all C e ^■ 

If e° is an inner matrix function in //°°(M„,^o) and e°H\C''°) = eH^{r), then 
r = r° and there exists a unitary matrix it G M^^^ such that 0° = Oil. 

A matrix function F G i^f^(M„j „) is called outer if the linear span of the set 
{Fz^x : j >0, X E C"} is dense in H^i^C^). F is called co-outer if the transposed 
function is outer. 

If ^ is a matrix function in H'^{Wlm,n), then there exist an inner matrix function 
and an outer matrix function F such that ^ = OF. Moreover, if ^E' = Q°F°, 
where 0° is inner and F° is outer, then there exists a unitary matrix il such that 

e° = en and f° = n*^. 

The above results can be found in the books [SNFl] and [Ni]. 

Badly approximable matrix functions and thematic factorizations. Let 

n > 2. An n x n matrix function V is called thematic if it is unitary- valued and 
has the form 

{v e), 

where v is an n x 1 inner and co-outer column function and © is an n x (n — 1) 
inner and co-outer matrix function. It is natural to say that a scalar function is 
thematic if it is constant and has modulus 1. 

5 



Let $ be a matrix function in 



such that ||-ff<i)|L < If F a best 



approximation of $, then $ — F admits a factorization 



(2.1) 



where V and 
tion (i.e., |u(C)| 



are thematic matrix functions, 
= 1 a.e. on T) such that T,, 



M is a unimodular scalar func- 
is Fredholm and indT^j > 0, 
and \1/ is a matrix function in L°°(Mm-i,n-i) such that ||\l/||j;,oo < Iq. This re- 
suh was obtained in [PT]. Earher the same fact was proved in [PYl] in the case 
$ G (i/~ + C){Mm,n)- Moreover, it was shown in [PT] that ||if*||e < \\H^\\e and 
it was proved in [PYl] that the problem of finding a superoptimal approximation 
of $ reduces to the problem of finding a superoptimal approximation of ^ . 

Clearly, the left-hand side of ( |2.1| ) is a badly approximable function. Conversely, 
it follows from the results of [PYl] that if $ G L°°(Mm „) and $ admits a factor- 
ization in the form 



su 
^ 



V* 



where V and are thematic matrix functions, s > 0, m is a unimodular func- 
tion such that Tu is Fredholm and indT^ > 0, and ||\&||loo < s, then $ is badly 
approximable and s = to('^') = 11-^^*11- 

Suppose now that ||-ff<i>||e < ^i- The inequality ||-f^-^||e < ll-f^*l|o proved in [PT] 
allows one to continue the diagonalization process and prove that if I < min{m, n}, 
||if$||e < ti-i and U-i > ti, then for any matrix function F G fti-i (the sets Qj 
are defined in §1) the matrix function $ — F admits a factorization 



/ toUo 
tiUi 





\ 













\ 





ti-iui^i 
^ / 



' 



(2.2) 



where 



V, 



1 < J < ^ - 1, 



the W^,W^,Vo 



Vj are thematic matrix functions. 



the Uj are unimodular functions 



such that Tu- is Fredholm and indT^^ > 0, < ti_i, and < ti_i. 

Factorizations of the form (|2.2|) are called partial thematic factorizations. 

Finally, if ||-ff<i)||e is less than the smallest nonzero superoptimal singular value 
of $ and F is the unique superoptimal approximation of $, then $ — F admits a 
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factorization 







■ ■w. 



t-1 



V 



























0/ 



K-1 ■ 



V* 



(2.3) 



where the Uj, Vj, Wj are as above and t^_i is the smallest nonzero superoptimal 
singular value of Factorizations of the form (|2.3| ) are called thematic factoriza- 
tions. This result was obtained in [PT]. Earlier the same fact was proved in [PYl] 
in the case $ G {H°° + C){M.m,n)- Note that the lower right entry of the diagonal 
matrix function on the right-hand side of ( p.3|) has size {m — t) x {n — t) and the 
numbers m — l or n — l may be zero. 

Clearly, the left-hand side of (|2.3| ) is a very badly approximable function. Con- 
versely, it follows from the results of [PYl] that if a matrix function admits a 
thematic factorization, it is very badly approximable. 

A disadvantage of thematic factorizations is that a thematic factorization may 
essentially depend on the choice of matrix functions Vj and Wj and they are not 
uniquely determined by the given matrix function. Moreover, with any nonzero su- 
peroptimal singular value we can associate the factorization index 

kj *== indTu of a thematic (or partial thematic) factorization. It was shown 
in [PYl] that in the case of multiple superoptimal singular values even the indices 
kj are not uniquely determined by $. We refer the reader to [PY2], [PT], and 
[API] for further results on the thematic factorization indices kj. In particular, 
in [API] it was proved that it is always possible to choose a so-called monotone 
(partial) thematic factorization and the indices of a monotone (partial) thematic 
factorization are uniquely determined by $. However, the matrix function Vj and 
Wj are still essentially dependent of our choice. 

That is why we introduce in this paper (partial) canonical factorizations and we 
prove that they are "essentially" unique. 



3. Balanced unitary- valued matrix functions 



In [PYl] and [PT] thematic matrix functions and thematic factorizations played 
a crucial role to study superoptimal approximation. We consider here a more 
general class of balanced unitary- valued matrix functions. 

Definition. Let n be a positive integer and let r be an integer such that 
< r < n. Suppose that T is an x r inner and co-outer matrix function and 
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is an n X (n — r) inner and co-outer matrix function. If the matrix function 

V = ( T e ) 

is unitary-valued, it is called an r -balanced matrix function. If r = or r = ra, it is 
natural to say that an r-balanced matrix is a constant unitary matrix. An n x n 
matrix function V is called balanced if it is r-balanced for some r, < r < n. 

Recall that thematic matrix functions are just 1-balanced according to this def- 
inition. 

It is known (see [V]) that if < r < n and T is an nxr inner and co-outer matrix 
function, then it has a balanced unitary completion, i.e., there exists an x (n — r) 
matrix function 9 such that ( T 9 ) is balanced. Moreover, such a completion 
is unique modulo a right constant unitary factor. We are going to study some 
interesting properties of balanced matrix functions and we need a construction of 
the complementary matrix function 9. That is why we give the construction here. 

We will see that balanced matrix functions have many nice properties which can 
justify the term "balanced". 

Note that the case r = 1 was studied in [PYl]. However, it turns out that 
studying the more general case of an arbitrary r simplifies the approach given in 
[PYl]. 

Theorem 3.1. Let n be a positive integer, < r < n, and let T be and nxr 

def 

inner and co-outer matrix function. Then the subspace C = KerT^t has the form 

where 9 is an inner and co-outer nx {n — r) matrix function such that ( T 9 ) 
is balanced. 

Proof. Clearly, the subspace C of if^(C") is invariant under multiplication by 
z. By the Beurling-Lax theorem (see §2), C = 9if^(C') for some / < n and an 
n X I inner matrix function 9. 

Let us first prove that 9 is co-outer. Suppose that 9* = OJ-' where O is an 
inner matrix function and F is an outer matrix function. Since 9 is inner, it is 
easy to see that O has size / x / while F has size I x n. It follows that (9*9* = F, 
and so F* = 9C Since both 9 and O take isometric values almost everywhere on 
T, the matrix function is inner. 

Let us show that 

F^H^{d) C C. (3.1) 

First of all, it is easy to see that T*9 is the zero matrix function. Let now 
f eH\C^). We have 

t*fV = T'eof = 0, 

which proves (|3.1| ). 
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It follows from (3J-) that 

Multiplying the last inclusion by 0*, we have 

which implies that O is a constant unitary matrix function. 

Let us now prove that / = n — r. First of all it is evident that the columns 
of T{() are orthogonal to the columns of 0(C) almost everywhere on T. Hence, 
the matrix function ( T ) takes isometric values almost everywhere, and so 
I < n — r. 

To show that I > n — r, consider the functions PcC, where Pc is the orthogonal 
projection onto C and C is a constant function which we identify with a vector in 
C"". Note that C _L £ if and only if the vectors /(O) and C are orthogonal in C"' 
for any f E C Let us prove that 

dim{/(0) : f E C} > n - r. (3.2) 

Since T is co-outer, it is easy to see that rankT(O) = r. Without loss of generality 

we may assume that T = ^ ^ , where Ti has size (n — r) x r, T2 has size r x r, 

and the matrix T2(0) is invertible. Let now K be an arbitrary vector in C""*". Put 

/ = (detT2(0))~MetT2 ^ -(^r\)r^T\K ) ' 

Clearly, / G H^C^). We have 

TV = ( T* Tl)f = (det T2(0))^^ det T2{T\K - T* (T*)"^T*i^) = 0, 
and so f E C. On the other hand, it is easy to see that 



/(O) 



K 



and since K is an arbitrary vector in C" ^, this proves 
We have already observed that 

{/(O) : / G £} = C" e {C G C" : PcC = 0}, 

and so it follows from (|3.2| ) that 

dim{PcC : C G C"} > n - r. 

It is easy to see that for C G C" we have 

p^C = 0P+0*C = 0(0*(O))C. 
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Clearly, G(B*(0))C belongs to the linear span of the columns of G. This completes 
the proof of the fact that I = n — r and proves that ( T ) is a balanced matrix 
function. ■ 

It is well known (see [V]) that given an inner and co-outer matrix function T, the 
balanced completion 6 is unique modulo a right constant unitary factor. Indeed, 
if ( T Bi ) is another balanced matrix function, then clearly 

QiH^C-') cC = 0/72(C"-"). 

It follows (see [Ni]) that Gi = QO for an inner matrix function O. Clearly, O has 
size [n — r) X [n — r). Hence, 0^ = (9*B*, is inner, and since 0i is co-outer, it 
follows that (9 is a unitary constant. 

Next, we are going to study the property of analyticity of minors of balanced ma- 
trix functions. Let V = ( T G ) be an r-balanced nx n matrix function. We are 
going to study its minors Vij^---ik,n---}k '^^ order k, i.e., the determinants of the subma- 
trix of V with rows ii, ■ ■ ■ , ifc and columns Ji, ■ ■ ■ ,]k- Here 
1 < ii < ■ • ■ < ifc < n and l<Ji<---<Jfc<'n,. By a minor of V on the 
first r columns we mean a minor Vi^...n.ji...jj. with k > r and ji = 1, ■ ■ ■ , = r. 
Similarly, by a minor ofV on the last n — r columns we mean a minor Vii...n,j^...jj. 
with k>n-r and jfc-„+r+i = r + 1, ■ ■ ■ , = n. 

It was proved in [PYl] (Theorem 1.1) that for a thematic (i.e., 1-balanced) 
matrix function all minors on the first column are in H^. The following result 
generalizes that theorem and makes it more symmetric. 

Theorem 3.2. Let V he an r-balanced matrix function of size nx n. Then all 
minors of V on the first r columns are in while all minors of V on the last 
n — r columns are in H°° . 

Proof. It is easy to see that it is sufficient to prove the theorem for the mi- 
nors on the first r columns of V. To deduce the second assertion of the theo- 
rem, we can consider the matrix function V and rearrange its columns to make it 
{n — r)-balanced. 

Denote by Ti, ■ ■ ■ , and 6i, ■ ■ ■ , 6n-r the columns of T and 9. In the proof 
of Theorem p.l| we have observed that for any constant C e we have 

p^C = QQ*{0)C 

and 

dim{PcC : C e C"} = dim{e*(0)C : C G C"} = n - r. 

It follows that there exist Ci, ■ ■ ■ , C„_,. G such that 

Bj = PcCj, l<j<n-r. (3.3) 

lil<d<n — r and I < ji < j2 < ■ ■ ■ < jd ^ n — r, we consider the vector 
function 

Ti A ■ ■ ■ A A Gj, A ■ • ■ A 
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whose ^ ^ ^ ^ ^ components are the minors of order r + d oi the matrix function 



(Ti ■■■ T, e,, ■■■ e,J. 

It follows from fBTSI) that 



where P£± is the orthogonal projection onto = clos Range Ty- We have 



TiA---AT,Ae,,A---Ae,, = TiA---AT,A(C,,-P^xqjA---A(C,,-P^xC,J. 

The components of this vector belong to L°° and can be approximated in L^/'^ by 
vector functions of the form 

Ti A • • ■ A T, A {Cj, - ^^.J A ■ ■ ■ A (C,, - g^J, (3.4) 

where Qj^-, - ■ ■ , Qj^ € Range T^. Hence, it is sufficient to prove that the components 
of (pD belong to iJ^/rf. Let gj^ = F+Tfi for /; G H^{0'), 1 < I < d. We have 



Ti A ■ • ■ A A {C,, - J A • ■ ■ A (C,, - g^^ 



Ti A ■ ■ ■ A T, A {C,, - P+T/i) A ■ ■ ■ A {C,, - P+T/,) 

Ti A ■ • • A T, A {C,, - T/i + P_T/i) A ■ ■ • A (C,, - T/, + P_T/, 



Clearly, almost everywhere on T the vectors T{()fi{Q are linear combinations 
of Ti(C), ■ ■ ■ , Tr(C)- Therefore if we expand the above wedge product using the 
multilinearity of A, all terms containing Tfi, give zero contribution. Thus we have 



Ti A • ■ ■ A T, A {C,, - T/i + P_T/i) A • ■ ■ A {Cj, - T/, + P_T/,) 
= Ti A ■ ■ ■ A T, A (C,, + P_T/i) A ■ ■ ■ A (C,, + P_T/,) G i/^/^. ■ 

The following immediate consequence of Theorem p.2| was obtained in [PYl] 
(Theorem 1.2) for r = 1 by another method. 

Corollary 3.3. Let V be a balanced matrix function. Then det V is a constant 
function of modulus 1. 

We shall need another nice property of balanced matrix functions that was 
obtained in [Pe4]. Namely, it was proved in Lemma 6.2 of [Pe4] that for a balanced 
matrix function V of size n x n the Toeplitz operator Ty : if^(C") H'^{C^) 
has trivial kernel and dense range. If we apply that result to V with rearranged 
columns, we see that the Toeplitz operator Ty also has trivial kernel and dense 
range. 

Finally, we obtain in this section an analog of Lemma 1.5 of [PYl] where the 
case of thematic matrix functions was considered. 
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Theorem 3.4. Let < r < min{m, n} and let V and W* be r-balanced matrix 
functions of sizes n x n and m x m respectively. Then 



^,n)Vf| 













'^m,—r,n—r J 












'^m—r,n—r I 



The proof of Theorem |3.4| is exactly the same as the proof of its special case 
Lemma 1.5 of [PYl]. 



4. Best approximation and partial canonical factorizations 



For a matrix function $ in L"^ 



"■m,n , 



satisfying the condition ||-ff<i>||c < 



and a best approximation F of $ by bounded analytic matrix functions we ob- 
tain a so-called partial canonical factorization of $ — F. We characterize badly 
approximable functions satisfying this condition in terms of partial canonical fac- 
torizations. To this end we begin this section with the study of the minimal 
invariant subspace of multiplication by z on H^{C'") that contains all maximizing 
vectors of H^. 



Theorem 4.1. Let $ G L°°(M„,„) and \\H^\\^ 
invariant subspace of multiplication by z on H'^{i 
vectors of Hq,. Then 



Let Ai be the minimal 
that contains all maximizing 



where r is the number of superoptimal singular values of $ equal to 
inner and co- outer n x r matrix function. 



(4.1) 

\Hq,\\, T is an 



Proof. Consider first the case m = n. Without loss of generality we may 
assume that ||-f^$|| = 1. It follows from the results of §3 of [AP2] that there exists 
a unitary interpolant W of $ (i.e., a unitary- valued matrix function U satisfying 
W(j') = $(i), j < 0) such that the Toeplitz operator Tu is Fredholm and each 
such unitary interpolant has precisely r negative Wiener-Hopf indices. Consider a 
Wiener-Hopf factorization of U 

/ z'^i • • • 
... 



u = q; 



\ 



V ■■■ z'^- I 

where Q\ and are matrix functions invertible in TP'\ 
Since U has r negative Wiener-Hopf indices, we have 

d\< ■ ■ ■ < dr <^ < (ir+i < ■ ■ ■ < 
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(4.2) 



and di < d2 ■ ■ ■ < dn- 



Clearly, = Hu- It is also easy to see that a nonzero function / G 7/^(0") is 
a maximizing vector of Hq> if an only if / G KerT^^. It is well known and it is easy 
to see from ([4 .21 ) that 

/9i \ 



KerT, 



u 



Qi 







: Qj G V+, degqj < -dj, 1 < j < r 



> . 



(4.3) 



V / 

Here we denote by 7-*+ the set of analytic polynomials. Since Ai is the minimal 
invariant subspace of multiplication by z that contains KerT^^, it follows from ( [4.3|) 
that 



M = clos 



Qi 







qj G V+, l<j<r 



(4.4) 



V / 

Since Qi{C) is an invertible matrix for all C ^ ID), it follows easily from ( ^.4| ) that 
dim{f{() : f & Ai} = r for all C ^ ID)- Therefore the z-invariant subspace Ai has 
the form A4 = Tif^(C^), where T is an n x r inner matrix function (see [Ni]). It 
remains to prove that T is co-outer. 

Denote by Q^y the matrix function obtained from Qi by deleting the last n — r 
columns. It is easy to see that T is an inner part of Q^. Let = TF, where F 
is an r X r outer matrix function. 

Denote by the matrix function obtained from Q^^ by deleting the last n — r 



rows. Clearly, (0^9(0 
We have 



Ir for almost all C ^ T. 



and so 

Both and T^Q\ are r x r matrix functions. Hence, 

Ir = r'QlF\ 

It follows that T* is outer, and so T is co-outer. 

Consider now the case m < n. Let be the matrix function obtained from $ 
by adding n — m zero rows. It is easy to see that the Hankel operators and Hq,^ 
have the same maximizing vectors. This reduces the problem to the case m = n. 
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Finally, assume that m > n. Let $b be the matrix function obtained from $ by 
adding m — n zero columns. It is easy to see that / is a maximizing vector of if^,, 
if and only if it can be obtained from a maximizing vector of by adding m — n 
zero coordinates. Let M.\) be the minimal invariant subspace of multiplication by 
z on H'^{C"^) that contains all maximizing vectors of H,^^. Clearly, the number of 
superoptimal singular values of equal to 1 is still r. Therefore there exists an 
m X r inner and co-outer matrix function Tt, such that 

It is easy to see that the last m — n rows of Ti, are zero. Denote by T the matrix 
function obtained from by deleting the last m — n zero rows. Obviously, T is 
an inner and co-outer n x r matrix function and Ai = TH'^{C'^). ■ 
We need the following result. 

Lemma 4.2. Suppose that $ satisfies the hypotheses of Theorem and M. is 
given by ( [4.1|) . // = ||-f^$|| and f is a nonzero vector function in M., then 

f{() is a maximizing vector of ^{() for almost all ( 

Proof. As we have noted in §2, if / is a maximizing vector of then f{() 
is a maximizing vector of $ for almost all C G T and ||$(C)l|Mm„ = ||-^<i>|| almost 
everywhere. Without loss of generality we may assume that \\H<^\\ = 1. 

Let L be the set of vector functions of the form 

qm H h QmOm, 

where qj G 7-*+ and the gj are maximizing vectors of By definition, Ai is the 
norm closure of L. Since the gjiC) are maximizing vectors of $(C) for almost all 
C G T (see §2), it follows that for g & L, g{() is a maximizing vector of $(C) almost 
everywhere on T. Let {fj} be a sequence of vector functions in L that converges 
to f eMin H^C"). Clearly, 

/ mOfiOWl^dmiO = hm / mOf.iOWl^dmiO 

= hm / Wf.iOWl^dmiO 

= f ll/(C)ll^™rfm(C), 

and since obviously, ||$(C)/(C)l|c"^ ^ ll/lOllc™ almost everywhere on T, it follows 
that f{() is a maximizing vector of $(C) for almost all C £ T. ■ 

Again, suppose that $ is as in Theorem [4.1| . Obviously, a vector function / 

in if^(C") is a maximizing vector of if and only if g =^ H,^f G //^(C"^) is a 
maximizing vector of Let us show that a vector function g in ifi(C™) is a 
maximizing vector of if and only if zg G H'^{C^) is a maximizing vector of 
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if$t. Indeed, assume that \\H<s,\\ = 1. Then g is a. maximizing vector of if and 
only if 

\\H;g\\2 = \\F+<l>*g\\2 = \\gh. 
Clearly, this is equivalent to the equality 

WF^^'zgh = \\zg\\2, 

which means that zg is a maximizing vector of H^t. 

It is easy to see that the matrix functions $ and have the same superoptimal 
singular values. Let J\f be the minimal invariant subspace of multiplication by z 
on H'^{C^) that contains all maximizing vectors of if$t . By Theorem |4.1| , there 
exists an inner and co-outer matrix function Vt G H°°{Wirn,r) such that 



By Theorem |3.1| , T and VL have balanced completions, i.e., there exist inner and 
co-outer matrix functions O G H°°{Nin.n-r) and H G H°°{Nim,m-r) such that 

V = ( T ) and W'={n H ) (4.5) 
are unitary-valued matrix functions. 

Theorem 4.3. Let $ G L°°(M„,„) and ||i/#||e < = ||-f^<i>||- Let r he the 
number of superoptimal singular values of ^ equal to to- Suppose that F is a best 
approximation of^ by analytic matrix functions. Then^—F admits a factorization 
of the form 

«I>-F = W*(^;^ l^V\ (4.6) 

where V and >V are given by ( [4.5|) , U is an r ^ r unitary-valued very badly ap- 
proximate matrix function such that ||i^[/||e < 1, (^nd is a matrix-function in 
L°°(Mm-r,ra-r) such that ||\E'||ioo < dnd \\Hs^\\ = tr{^) < ||-f^<i>||- Moreover, U is 
uniquely determined by the choice of T and Q, and does not depend on the choice 
ofF. 

Proof. Without loss of generality we may assume that ||-ff<i>|| = 1. It follows 
from Lemma ^.2| that the columns of T(^) are maximizing vectors of •^'(C) ~ -^(C) 
for almost all G T. Similarly, the columns of ^^(C) are maximizing vectors of 
$'(C) — -F*(C) almost everywhere on T. 

We need two elementary lemmas. 

Lemma 4.4. Let A G Mm,n CLi^d \\A\\ = 1. Suppose that fi,--- ,Vr is an or- 

thonormal family of maximizing vectors of A and Wi, ■ ■ ■ ,Wr is an orthonormal 
family of maximizing vectors of A^. Then 

( Wi ■ ■ ■ Wr y A(^ Vi ■ ■ ■ Vr ) 

is a unitary matrix. 
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Lemma 4.5. Let A be a matrix in Mm,n such that \\A\\ = 1 and A has the form 

A = 

where An is a unitary matrix. Then A\2 and A21 are the zero matrices. 



An Au 
A21 A22 



Both lemmas are obvious. Let us complete the proof of Theorem ^ 
Consider the matrix function 



Here U G L°°(M^,^), X G L°°(M^,„_^), Y G L~(M„_^,^), and ^ G L° 
If we apply Lemma |4.4| to the matrices ($ — F){(), ( G T, and the columns of 
T{() and ^(C), we see f/ = — F)T is unitary-valued. By Lemma [4.5| , X and 
y are the zero matrix functions which proves ( ^.6| ). 
Let us prove that H-f^c/Hc < 1- Since 

U = n\^ - F)T, (4.7) 

we have 

\\Hu\\e = distioo (f/,(/7°° + C)(M,,,)) 

= distioo (fit$T, {H°° + C)(M,,,)) 

< distioo ($, + C)(M„,„)) = \\H^\U < I. 

Now it is turn to show that U is very badly approximable. Denote by C the 
minimal invariant subspace of multiplication by z that contains all maximizing 
vectors of Hu. Suppose that / is a maximizing vector of H^. Then / = Tg 
for some g G H'^{C^). Clearly, H^f is a maximizing vector of As we have 
mentioned in §2, Hq,f = ($ — F)f. Hence, z^ — Ff is a maximizing vector of 
H^t. Therefore z^-Ff G nH^{C''), and so 

f]t($ _ F)f = - F)Tg = Uge H^_{C''). 
It follows that g is a maximizing vector of Hu and \\Hu\\ = 1. Therefore 



Hence, £ = H^C^), and by Theorem ^ to{U) = ■ ■ ■ = tr-i{U) = 1. It follows 
that U is very badly approximable. Hence, the zero matrix function is the only 
best approximation of U by analytic matrix functions. 

This uniqueness property together with ( [4.7|) implies that U does not depend 
on the choice of the best approximation F. 

It is evident from ( [4.6| ) that ||\E'||j;^oo < 1. It remains to prove that \\Hif,\\ = tr{^). 
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Suppose that F$ is another best approximation of $ by bounded analytic matrix 
functions. Then as we have already proved, $ — F$ can be represented as 

= WM ? ° IV*, 





where \E'$ is a matrix function in L°°(Mm-r,n-r) such that ||\E'$||loo < 1. Clearly, 
s,-(($ - F$)(C)) = 1, < J < r - 1, and - F$)(C)) = ||*$(C)|| for almost all 

CgT. 

By Theorem |3.4| , a matrix function G G -?/°°(Mm „) is a best approximation of 
$ if and only if there exists Q G H°°(M.m-r,n~r) such that ||\E' — < 1 and 

This proves that \\Hy^\\ = tr{^)- ■ 

Remark. It can be shown easily that if f/ is an r x r unitary-valued very badly 
approximable matrix function and ||-f^;7||e < 1, then the Toeplitz operator Tu is 
Fredholm. Indeed, by Theorem 3.1 of [PYl], if $ is a very badly approximable 
function in {H°° + C){M.m,n) and rank$(C) = m almost everywhere on T, then 
the Toeplitz operator T^^ : if^(C'"') — > if^(C™) has dense range. The results 
of [PT] show that the proof given in [PYl] also works in the more general case 
when $ G L°°{M.m,n) and ||-ff$||e < Hence, T^u has dense range. Then 

the operator H^^,H2U* is unitarily equivalent to the restriction of H*^Hzu to the 
orthogonal complement to the subspace 

{feH\C): =11/112} 

(see [Pe2]). Since ||-f^t/||c < 1, this subspace is finite-dimensional, and so 

||if(/*||c = \\H2uA\c = lim Sj{Hsu') = lim Sj{H^u) = \\Hzu\\e = \\Hu\\e- 

The result follows now from the well-known fact that for a unitary- valued function 
U the conditions ||-ff[/||c < 1 and ||if;7. ||c < 1 are equivalent to the fact that T[/ is 
Fredholm (see e.g., §1 of [AP2] for some comments). 
Factorizations of the form (|4.6|) with \E' satisfying 



< ^0 and < to 

form a special class of partial canonical factorizations. The matrix function \E' is 
called the residual entry of the partial canonical factorization. The notion of a 
partial canonical factorization in the general case will be defined in §7. 



The following theorem together with Theorem [4.3| gives a characterization of the 



badly approximable matrix functions $ satisfying the condition ||-ff$||e < \\H<i>\ 
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Theorem 4.6. Let $ G L°°{Mm,n) and ||-f^<i.||e < Suppose that $ admits 

a representation of the form 



where a > 0, V and W* are r -balanced matrix functions, U is a very badly approx- 
imable unitary-valued r xr matrix function such that \\Hu\\c < 1, and ||^||lo° < c 
Then $ is badly approximable and to('^') = ■ ■ ■ = tr~i{^) = cr. 

Proof. Suppose that V and W are given by (f4.5|). Let g G H^{C^) be a 
maximizing vector of Hjj. Then it is easy to see that 

\\H^Tgh = a\\Tgl 

while 

||iJ$|| < ||$||l°° = cT- 

Hence, ||-f^$|| = cr, Tg is a maximizing vector of and $ is badly approximable. 

Since U is very badly approximable, it follows from Theorem that the min- 
imal invariant subspace of multiplication by z on if^(C^) that contains all maxi- 
mizing vectors of is the space H'^{C^) itself. Let Ai be the minimal invariant 
subspace of multiplication by z on if^(C") that contains all maximizing vectors of 
Since T is co-outer, it follows that the matrix T{() has rank r for all C ^ II^- 
Hence, 

dim{/(C) : f eM}>r for all ( eB. 
It follows now from Theorem |4.1| that t^l^) = ■ ■ ■ = tr-i{^)- ■ 
We also need the following version of the converse to Theorem 



Theorem 4.7. Let $ G L°°(Mm,n) and ||-ff<i>||c < \\H^\\. Suppose that $ admits 
a representation of the form 

where a > 0, V and W* are r-balanced matrix functions of the form ( [4.5D , U is a 
very badly approximable unitary-valued r x r matrix function such that \\Hu\\c < 1, 
and \\H\i;\\ < a. Then TH'^{C^) is the minimal invariant subspace of multiplication 
by z on if^(C"') that contains all maximizing vectors of Hq, and QH'^{C^) is the 
minimal invariant subspace of multiplication by z on if^(C™') that contains all 
maximizing vectors of H<^t. 



Proof. By Theorem |3.4| , we may assume without loss of generality that 
II ^11 LOO < s. We need the following lemma. 

Lemma 4.8. Suppose that $ satisfies the hypotheses of Theorem A func- 
tion f in H'^{C"') is a maximizing vector of Hq, if and only if f = Tg, where 
g G if^(C'') and g is a maximizing vector of Hjj. 
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Let us first complete the proof of Theorem |4.7|. Since U is very badly approx- 



imable, we have to(f^) = ■ ■ ■ = tr-i{U) = 1. By Theorem [4.1| , the minimal invariant 
subspace of multiplication by z on H^{C'') that contains all maximizing; vectors of 
Hjj is if^(C''). It follows now from Lemma that the minimal invariant subspace 
of multiplication by z on H'^{C^) that contains all maximizing vectors of is 
TH'^{C''). To complete the proof, we can apply this result to the matrix function 
■ 



Proof of Lemma |4.8|. First of all, by Theorem = cr. Without loss of 



generality we may assume that a = 1. It has been proved in the proof of Theorem 
O that if (yf is a maximizing vector of Hjj, then Tg is a maximizing vector of 
Suppose now that / is a maximizing vector of We have 

= w* 
= w* 



^ ^ 
U \ f T*f 

VI/ M 67 



UT*f 

Since W* is unitary- valued and ||vI'||^oo < 1, it follows that B*/ = 0. Put 
g = T*f e L2(C"). We have 

/ = VV7 = v(q;^/=(T e)(^^Q^^ = TT7 = Tg. 

Let us show that g G H^{C^). Let 7 be a vector in C". Since T* is outer, it 
follows that there exists a sequence {^Pj} of functions in H'^{C^) such that {T^'ipj} 
converges in H'^{C') to the function identically equal to 7, and so the sequence 
{(y9*T} converges to the function identically equal to 7*. Hence, 

lim{^5./}= lim{^]Tg}=^'g 

J— >oo J— >oo 

in L^, and so 7*5' G i/^ for any constant vector 7. Consequently, (7 G H^{C^). 
We have 

Clearly, / is a maximizing vector of if and only if QUg G H^{<C^) which is 
equivalent to the condition zVtUg G if^(C^). Since Vl} is outer, we can apply the 
same reasoning as above to show that zUg G H^{C'^) which is equivalent to the 
fact that Ug G H'^{C'^). But the latter just means that g G KerT[/, and so is a 
maximizing vector of Hu. ■ 

Suppose now that the matrix function \E' in the factorization ([4.6|) also satisfies 
the condition H-f/^-i-llc < ll-f^^-ll- Then we can continue this process, find a best 
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analytic approximation G of \& and factorize \E' — G as in ( [4 .61) . If we are able 
to continue this diagonalization process till the very end, we construct the unique 
superoptimal approximation Q of $ and obtain a canonical factorization of $ — 

Therefore we need an estimate of ||-ff,i,||e. In [PT] in the case r = 1 it was shown 
that ||i^*||e < ||-f^*l|e- We want to obtain the same inequality for an arbitrary r. 
We could try to generalize the proof given in [PT] to the case of an arbitrary r. 
However, we are going to choose another way. We would like to deduce this result 
for an arbitrary r from the corresponding result in the case r = 1. 



5. Relations with thematic factorizations 



In this section we compare partial canonical factorizations obtained in §4 with 
partial thematic factorizations and find useful relations between the complementing 
matrix functions G and H in ( [4 .51 ) and the corresponding complementing matrix 
functions in partial thematic factorizations. 

Let $ be a matrix function in L°°(Mm„) such that ||-ff$||c < ll-f^*!!- Let r be 
the number of superoptimal singular values of $ equal to ||-f^<ii||. Suppose that 
r < min{m, n}. It follows from the results of §4 that if F is a best approximation 
of $ by bounded analytic matrix functions, then $ — F admits a partial canonical 
factorization 



$ - F = yy* 



toU 
^ 



V*, 



(5.1) 



where V and are r-balanced matrix functions of the form ( [4.5[ ) and 
< ^0 = and \\H^^,\\ < to. 

On the other hand, it follows from the results of [PT] that $ — F admits a partial 
thematic factorization of the form 







w*---w:_. 



\ 










toUl 













\ 







A/ 



V* ■ ■ - V* 



(5.2) 



where |[A|[2,oc < to and \\Ha\\ < to, 



V, 



Ij 
Wi 



< j < r - 1, 



with thematic matrix functions Vj, Wj, and the Uj are unimodular functions such 
that the Toeplitz operators T^- are Fredholm with indT^^ > 0. For j = we 

assume that Vq = Vq and Wq = Wq. 
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Suppose that 

= ( '"3 ©J- ) . ^i = {'^3 < J < r - 1, (5.3) 

and 

V=(Te), W* = (1]S), 
where the matrix functions Vj, Qj, Wj, Sj, T, 0, Q, S are inner and co-outer. 

Theorem 5.1. Under the above hypotheses there exist constant unitary matrices 
ill £ Mn_r_n_r and il^ G M^-i.tn-r such that 

e = eoGi ■ ■ ■ e,_iiii (5.4) 

and 



Proof. It follows from Theorem ^]4| that if we replace F with another best 
approximation G, the matrix function $ — G will still admit factorizations of the 
forms (|5.1|) and ( ^.2|) with the same matrix functions V, W, Vj, Wj. Hence, we may 
assume that F G fir (see §1). Then the matrix functions \E' in ( ^.1|) and A in ( ^.2|) 
satisfy the inequalities 

ll^fll/^oo < to and ||A||loo < tg- 
Define the function p : M ^ M by 



Pit) 



0, t <tl 



Consider the operator M : if^(C") L'^{C'"') of multiplication by the matrix 
function p((<l> - F)*($ - F)). It was proved in Lemmas 3.4 and 3.5 of [API] that 

Ker M = Qo^i ■ ■ ■ Qr-iH^C''-''). (5.6) 

On the other hand, it follows from (B.ll) that 



($ - Fm - F) = V ( f ) V 



and since ||\E'*\E'||loo < tH, we have 



tlF \ tllr \ f T 



p((<|.-F)H$-F))=V ''^^ ^ V* = V 



10 one 



By Theorem KerTxt = QH (C"" *"). It is easy to see now that 

KerM = ei/2(C"-'). Together with (|J) this yields 

eoOi ■ • ■ er_ii^2(c"-'^) = ei/2(c"-") 

which means that both inner functions G and Oq©! ■ • ■ ©r-i determine the same 
invariant subspace of multiplication by z on if^(C"). Therefore there exists a 
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constant unitary function ili such that ( ^.41) holds (see §2). To prove ( ^.51) we can 
apply (U) to ($ - Ff. m 



Corollary 5.2. Let \1' and A be the matrix functions in the factorizations ( p.l| ) 
and (15.21). Then 



A = il2^ili, (5.7) 
where ili and are unitary matrices from ( |5.4| ) anc? ( |5.5| ) . 
Proof. By Corollary 3.2 of [API], 



A = ■ ■ ■ sts*(<i> - F)eoei ■ ■ ■ e,_i. 

By Theorem pTT , 

A = il2H*($-F)eill. 



On the other hand, it is easy to see from ( |5.1|) that 

^ = S*(<I>-F)e, (5.^ 



which implies 

Now we are in a position to estimate ||-ff^r||e for the residual entry ^> in the 
factorization (|5.1|) . This will be used in §7 to obtain canonical factorizations of 
very badly approximable matrix functions. 

Theorem 5.3. Let ^ be a function in L°°(Mm„) such that ||-f^<i.||c < 
Then for the residual entry \E' in the partial canonical factorization ( p.l|) the fol- 
lowing inequality holds 

ll-f^'l'llc < ||-f^$||e- 

Proof. Iterating Theorem 6.3 of [PT], we find that ||-f^A||o ^ ||-f^<i>||e- The result 
follows now from ( [5.7| ). ■ 

Consider now the unitary-valued matrix function U in the partial canonical 
factorization ( |5.1| ). As we have observed in the remark following the proof of 
Theorem [4.3| , the Toeplitz operator Tu is Fredholm. We are going to evaluate now 
the index of Tjj in terms of the indices of the partial thematic factorization { f).2\) . 
Recall that the indices kj of the partial thematic factorization ( p.2| ) are defined by 

kj =^ indT^j, < j < r — 1. 



Theorem 5.4. Let $ G L°°{Mm,n) and \\H^\\c < \\H^\\. Then the entry U of 
of the diagonal block matrix function in the partial canonical factorization ( |5.1|) 
satisfies 

mdTu = dimKerTf/ = k^ + ki + ■ ■ ■ + k^-i- 
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Proof. Without loss of generality we may assume that 
O, U is very badly approximable, H-ffc/lle < 



1. By Theorem 
Therefore the Toeplitz 



_ Hull = 1 

operator T^u has dense range in H'^{C^) (see Theorem 3.1 of [PYl] where this fact 
was proved in the case U e [H°° + C)(Mr,^), however the proof given in [PYl] also 
works in the more general case ||-fft/||e < \\Hu\\ = 1)- Therefore KerT^ = {0}, and 
so indT[/ = dimKerTf/. 
By Theorem 9.3 of [PT], 

dim{/ e i/2(C") 



ki^ \-k, 



r-l 



(5.9) 



(earlier this result was proved in [PY2], Theorem 2.2 in the case 

$ G (iJ°° + C)(M„,„)). Let us show that the left-hand side of (|]9D is equal 

to dimKerT^. Indeed, if G if^(C'"), then g G KerT^ if and only if is a 
maximizing vector of Hu. By Lemma |^^ , 

dim{g G H\C^) : WHugh = Wgh} = dim{/ G H^C"^) 



which proves the result. ■ 

To conclude this section, we obtain an inequality between the singular values of 



and the singular values of H^^, in the factorization (|5.1| ). 

Theorem 5.5. Let $ G L°°{M.m,n) and ||-f^<i.||c < ll-f^-J-ll- Suppose that 
F G H°°{Wlm,n) 'is a best approximation of ^ by bounded analytic functions and 
^ — F is represented by the partial canonical factorization if).l\) . Then 



, def . 1 ^7-1 

where l = ma lu- 



Note that ( [5.10| ) was proved in [PT], Theorem 10.1 in the case r 
the general case to the case r = 1. 

Proof. Consider the partial thematic factorization 
< J < r — 1, be the indices of this factorization. We have 



(5.10) 



1. We reduce 



Let ki 



def 



<^-F = W* 



touo 

$w 



V* 



ind T„ 



(5.11) 



where $'^1 is given by the partial thematic factorization 

/ toui ■■■ \ 

$[1] = W*-- 



Ir-2 






W* 1 

r— 1 



v 








toUr-l 







A/ 









V* 1 



V*. 



Now we can apply Theorem 10.1 of [PT] to the factorization ( ^.11[ ) and find that 

Sj{H^ii]) < Sko+j{H^), j > 0. 
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Then we can apply Theorem 10.1 of [PT] to the above partial thematic factorization 
of $^^1, etc. After applying Theorem 10.1 of [PT] r times we obtain the inequality 

Sj{H/s,) < Sko+...+k,_^+j{H^), j > 0. 



The result follows now from Corollary ^.2| and Theorem 5.4 



6. Invertibility of the Toeplitz operators Ty and Tw 

For a matrix function $ G L°°(Mm,n) satisfying ||-ff<i.||c < \\H<i>\\ we have con- 
structed in §4 balanced matrix functions V and W*. We have mentioned in §3 that 
by Lemma 6.2 of [Pe4], Ty and Ty\> have trivial kernels and dense ranges. In this 
section we prove that under the condition ||i?$||e < il-f^*!! the Toeplitz operators 
Ty and Tw are invertible. In the case r = 1 it was proved in [PT] (see the proof 
of Theorem 5.1 of [PT]) that the Toeplitz operators Ty and Ty^t are invertible. 
Instead of trying to generalize the proof given in [PT] to the case of an arbitrary 
r we are going to reduce the general case to the case r = 1. 



Then we are going to prove that the matrix functions T, O, fi, S given by ( [4.5|) 
are left invertible in H°°. Note that this result in the case r = 1 plays an important 
role (see [PY2] and [PT]). 

We are going to use the following fact from [Pe2] (see also [PK] where the scalar 
case was considered): 

If V is an n X n unitary-valued function such that the Toeplitz operator 
Ty '■ -ff^(C") — > if^(C"') has trivial kernel and dense range, then the operators 
HytHy* and HyHy are unitarily equivalent. In particular, ||i/y|| = ||//v'*||- 

We need another well known fact (see [D] or [Ni] for the scalar case, in the matrix 
case the proof is the same): 

IfVisannxn unitary-valued function, then Ty is invertible on if^(C") if and 
only if \\Hy\\ < 1 and \\Hy*\\ < 1. 

Consider now a balanced matrix function V = ( T 6 ). Clearly, ||-ffv|| = 
and ll-ffvll = 11-^^x11- Since Ty has trivial kernel and dense range (Lemma 6.2 of 
[Pe4]), it follows that 

\\H^\\ = \\Hy\\. (6.1) 

Ty is invertible if and only if the norms in ( |6.1D are less than 1. It is also clear 
that the last condition is equivalent to the invertibility of Tyt . 

Theorem 6.1. Let $ G L°°(M.m,n) and suppose that ||-ff<i>||e < Let V and 

W* he the r -balanced matrix functions in the partial canonical factorization (|5.1| ). 
Then the Toeplitz operators Ty, Tyt, T>v, and Ty^t are invertible. 

Recall that for r = 1 this was proved in [PT] (see the proof of Theorem 5.1 of 
[PT]). We are going to reduce the general case to the case r = 1. 
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Proof. Consider the partial thematic factorization ( ^.21) and the corresponding 
thematic matrix functions Vj and the inner matrix functions Gj given by { f).3\ j. 
As we have already mentioned, it was shown in the proof of Theorem 5.1 of [PT] 
that the Toeplitz operators T^, are invertible for < j < r — 1. Since the Vj are 
1-balanced, this is equivalent to the fact that <1, 0<j<r — 1 (see the 

discussion preceding the statement of Theorem |6.1| ). To prove that Ty is invertible, 
it is sufficient to show that < 1, where as usual, V = ( T 9 ). 

By Theorem |5]5, O = Oo ■ • ■ &r-i^, where il is a constant unitary matrix. 
Clearly, to show that < 1, it is sufficient to prove the following lemma. 

Lemma 6.2. Let 0i be an n x k inner matrix function and let O2 be a k x I 
inner matrix function such that ||-f/@ || < 1 and WH-^ \\ < 1. Let = 0\02- Then 

ll^ell < 1- 

Let us ffist complete the proof of Theorem Applying Lemma ^]2| inductively, 
we find that ||-f%|| < 1. As we have explained this is equivalent to the invertibility 
of Tv and Tyt. Similarly, one can prove that the Toeplitz operators Tw* and Tyy 
are invertible. ■ 

Proof of Lemma |6.2| . Let cr < 1 be a positive number such that ||-f% || < cr 
and \Eq II < o. Let / G H'^{^^). We have 



11^/112 = W-e^2f^ _ _ 
= \\F_e;F^e~2f + F^e;F;e~2f\\l 

= \\WiF^W2f + F^O;F+W2f\\l 
= \\F^W2f + OlF_e;F+W2f\\l 

We claim that the functions F^02f and 0\F^0iF+02f are orthogonal. Indeed, 
let ip G iJ!(C'^) and ^ G H^iC"). We have 



since 0i takes isometric values almost everywhere on T. It follows that 

WH^fWl = \\F_0;f\\l + \\0\F^^F^2f\\l 

< \\F.0;f\\i + \\F_0;F^2f\\l 

= \\F.02f\\l+\\H^F+0'2f\\l 

< \\F.02fg + a^¥^02f\\l 

= a\\\F.02f\\l + ||P+02/||^) + (1 - ^')||P-02/||^ 

= a'\\02f\\l + il-a')\\H^J\\l 

< aW2 + a\l-a')\\f\\l = {2a'-a 



The result follows now from the trivial inequality 2cr^ — cr^ < 1. 
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Now we are going to prove that the matrix functions T, O, Q, H are left invertible 
in H°°. Recall that a matrix function A G H'^{Wli^^i^) is called left invertible in H°° 
if there exists a matrix function A G H°°{M.^^i) such that AA is identically equal to 
/«. Recall that by a theorem of Sz.-Nagy and Foias [SNF2], A is left invertible in 
if and only if the Toeplitz operator T-^ : H'^(C'^) — > H'^[<C') is bounded below, 
i.e., ||T^y9||2 > '^lly'lh for some 5 > 0. 

Theorem 6.3. Let $ G L°°(Mm^„) and Ili/^Hc < Suppose thatV andW 

are matrix functions of the form ( [4.5| ) in the partial canonical factorization ( |5.1| ) . 
Then T, 6, Q, S are left invertible in H°° . 



Proof. Let us prove that G is left invertible. By Theorem |6.1| . the Toeplitz 
operator Ty is invertible. Hence, ||Tv/||2 > ^H/lh, / £ -/^^(C"), for some 6 > 0. 

If we apply this inequality to functions / of the form / = ^ ^ ^ , we find that 

ll^eV^lh > '^llv'lh; £ if^(C"~^). It follows now from the Sz.-Nagy-Foias theorem 
mentioned above that is left invertible in H°°. 

To prove that T is left invertible in we can apply the above reasoning to 
the matrix function V. Finally, to obtain the same results for Q and H, we can 
apply the above reasoning to the matrix functions W* and W*. ■ 



7. Canonical factorizations of very badly approximable functions 

Given <l> G L°°(Mm,n), consider the sequence {tj} of its superoptimal singular 
values. Suppose that 

to = ■ ■ ■ = tri-l > tri = ■ ■ ■ = tr^-l > ■ ■ ■ > t^t-i = ■ ■ • = tr^-l (7-1) 

are all nonzero superoptimal singular values of $, i.e., to has multiplicity ri and 
tr^ has multiplicity r^+i — rj, 1 < j < l — 1. 

By Theorem ^I3| , if ||-ff#||e < \\His>\\ and Fq is a best approximation of $ by 
bounded analytic matrix function, then $ — Fq admits a factorization 

* - = w„- ( ';^» J„ ) vj, 

where Vo and Wq are ri-balanced matrix functions, Uq is very badly approximable 
unitary-valued matrix function such that ||if;7Q||e < 1, and ^^^^ is a matrix function 
in L°°{Mm-run-ri) such that \\H^li]\\ = tri- 

By Theorem ||if$[ii||c < ||-?/$||c. If tri is still greater than ||if$||e, we can 



apply Theorem 0| to $'^1 and find that for a best approximation Gi of $'^1 the 
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matrix function $1^1 — Gi admits a factorization 



where Vi and VV* are (r2 — ri)-balanced matrix functions, Ui is a very badly 
approximable unitary- valued matrix function of size (r2 — ri) x (r2 — ri) such 
that ||if(7j|e < 1, and $^1 is a matrix function in L°°(Mm~r2,n~r2) such that 
II i/(j,[2] II = • 

We can apply now Theorem |3 .41 and find a matrix function Fi G H°° {Wlrn,n) such 
that 

























$[2 



where 



Vi 



/r, 

Vi 



and Wi 



In 
VVi 



If tj.2 is still greater than ||if$||e, we can continue this process and apply Theorem 
473|to Suppose now that U^^^ > ||-ff$||e, 2 < d < l. Then continuing the above 
process and applying Theorem p.4| , we can find a function F G H'^{Wlrn,n) such 
that $ — F admits a factorization 



/ toUo 

tr.Ui 



$ - F = Wo* ■ ■ • 





\ 













\ 





$['^1 / 



(7.2) 



where the Uj are — Tj) x (rj+i — r^) very badly approximable unitary valued 
functions such that ||iJc/.||e < 1, 



Ir 





and Wi 





Wi 



l<J<d-l, 



(7.3) 



and W] are (?"j+i — rj)-balanced matrix functions, and $ is a matrix function 
satisfying 



L°° < ^rd_i, and ||ii$[d] II < tr^-i- 



(7.4) 



Factorizations of the form ( |7.2| ) with Vj and VV,- of the form ( |7.3| ) and ^^'^ 
satisfying (|7.4|) are called partial canonical factorizations. The matrix function 
$[^^1 is called the residual entry of the partial canonical factorization ( [7.2| ). 
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Finally, if ||-ff<i)||e is less than the smallest nonzero superoptimal singular value 
tr,-i, then we can complete this process and construct the unique superoptimal ap- 
proximation of $ by bounded analytic matrix functions. This proves the following 
theorem. 



Theorem 7.1. Let $ G L°°{M.m,n) and suppose that the nonzero superoptimal 
singular values of ^ satisfy ( [7. 1|) . // ||-ff$||e < tr,-i (ind F is the unique super- 
optimal approximation of $ by bounded analytic functions, then $ — F admits a 
factorization 



( toUo 

tr.Ui 



$ - F = Wn* 



V 

























0/ 



0' 



(7.5) 



where the Vj and Wj, and Uj are as above. 



Note that the lower right entry of the diagonal matrix function on the right-hand 
side of ( |7.5| ) is the zero matrix function of size (m — rj x — rj. Here it may 
happen that m — r^ or n — r^ can be zero. 

Clearly, the left-hand side of ( [7.5| ) is a very badly approximable matrix function. 
Factorizations of the form ( |7.5| ) are called canonical factorizations of very badly 
approximable matrix functions. 

The following result shows that the right-hand side of ( [7.5| ) is always a very 
badly approximable matrix function. 

Theorem 7.2. Let ^ be a matrix function in Z/'^(Mm„) such that 
\\Hij,\\c < \\H^\\, L is a positive integer, ri, ■ ■ ■ ,r^ are positive integers satisfying 



ri < r2 < ■ ■ ■ < r^ 



and 



(To > CTl > ■ ■ ■ > o-^_i > 0. 
Suppose that $ admits a factorization 



( o^U^ 
oxUx 



$ = Wo* ■ ■ ■ 





\ 













\ 





/ 



V* ■ ■ ■ V* 
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in which the Uj, Vj, and Wj are as above. Then $ is very badly approximahle and 
the superoptimal singular values of $ are given by 



(To, K < ri 



a 

o', 



J' 



K>r, 



Proof. Let 



Vo = ( T e ) and Wo = ( H ) 
where T, G, fi, S are inner and co-outer matrix functions. 



By Theorem the minimal invariant subspace of multiphcation by z on 
i72(C") that contains all maximizing vectors of Hq, is Tif^(C'"i) and the minimal 
invariant subspace of multiplication by z on H^{C"^) that contains all maximizing 



vectors of if$t is fiif (C"^). By Theorem |4.6|, $ is badly approximable and 



torn 



■ti — 1 



(To. 



By Theorem p.4| , we can reduce our problem to the function 

/ (Tif/i ■■■ O 0\ 











\ 







Vi*. 



This function is also represented by a canonical factorization which makes it pos- 
sible to continue this process and prove that $ is very badly approximable and the 
superoptimal singular values of $ satisfy the desired equality. ■ 



8. Invariance properties of canonical factorizations 



In this section we demonstrate an advantage of canonical factorizations over the- 
matic factorizations. Namely, we show that canonical factorizations possess certain 
invariance properties, i.e., the matrix functions Uj in the canonical factorization 



(|7.5| ) are uniquely determined modulo unitary constant factors. Moreover, if 

Vo = ( To Go ) , = ( fio Ho ) , 

v, = (T, e, ), w] = (^^, s, ), i<j<^-i, 



and the Vj and Wj are given by ( [7.3|) , then the matrix functions Tj, Qj, Qj, Ej are 
also uniquely determined modulo constant unitary factors. 

We start with partial canonical factorizations of the form Suppose that 

a matrix function $ in L°°(Mm,^) satisfies ||-ff$||c < \\H,},\\ and admits partial 
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canonical factorizations 



and 



$=(n o)(T 0)* 



(8.2) 



where < o", ll-f^-i-ll < c") ||^°||l°° < H-f^^-o || < cr°, t/ is an r x r very badly 

approximable unitary- valued function such that ||i?[/||e < 1, ?7° is an r° x r° very 
badly approximable unitary-valued function such that ||if(/o||c < 1, ( T 6 ) and 

Q S )* are r-balanced matrix functions, and ( T° B° ) and ( S° )* are 
r°-balanced matrix functions. 



Theorem 8.1. Let ^ be a badly approximable function in L 



°°'Mm,n) such that 

\\H^\\c < ||-f^<i>||. Suppose that $ admits factorizations and (|8.2| ). Then 

r = r°, a = a° and there exist unitary matrices 5J*,5J^ G M^^r; ii* ^ Mn_t.^ri_t, 



and 



(8.3) 
(8.4) 

(8.5) 



Proof. By Theorem [4.6| , a = a° = \\Hq,\\. Next, by Theorem [4.7| , the minimal 
invariant subspace of multiplication by z on H'^{C^) that contains all maximizing 
vectors of Hq, is equal to Tif^(C'') and at the same time it is equal to T°H'^{C^ ). 
It follows that r = r° and there exists a unitary matrix QJ* G M^^r such that 
T° = T5J#. Applying the same reasoning to $*, we find a unitary matrix function 
G Mr,r such that = which proves (^. 

By Theorem 

ei/^(C"-") = KerTxt and e°i/^(C"-0 = KerT(xo)t. 



By (|8.3| ), KerTxt = KerT(xo)t which implies that there exist a unitary matrix 
11* G Mn_cn_r such that 0° = Oil*. Applying the same reasoning to $*, we find 
a unitary matrix iX'' G Mm_r,m-r such that E° = Sil^ which proves ( ^.4|) . 



By (O), 



aU = n'^T and a[/° = (fi°)*<l>T°. 



This implies the first equality in ( |8.5| ). 
Finally, by (§]§, 

^ = H*$e and 

30 



which completes the proof of ( p.5|) . ■ 

We can obtain similar results for arbitrary partial canonical factorizations and 
canonical factorizations. Let us consider in detail the following special case. Sup- 
pose that the matrix functions and \E'° in and (p.2|) admit the following 
partial canonical factorizations 



( "i ) ( "t e. ) 



and 



^° = {ni El) 



where ||A||icx) < cri, \\Ha\\ < cti and ||A°||loo < cr^, ||i/A°|| < cti 











(8.6) 



(8.7) 



By Theorem ^ ^° 
^ = 



(il^)*^il#. It follows now from (g^ that 











( ii#T° ii#e° ) 



which is another partial canonical factorization of 

We can compare now the factorizations ( |8.6| ) and ( p.8|) . By Theorem ISTT 
and there exist unitary matrices 5Jf , 23^,ilf such that 



0-1 



e° = (ii#)*e,iif , El = (H^)*sX, 



and 



[/° = (23^J%23f , A° = (il^J*Aili*. 

It is easy to see that the same results hold in the case of arbitrary partial 
canonical factorizations as well as arbitrary canonical factorizations. 



9. Hereditary properties 



In this section we consider the following heredity problem. Suppose that the 
initial matrix function $ belongs to a certain function space X. We study the 
problem of whether all matrix functions in a (partial) canonical factorization of 
$ belong to the same space X (by this we certainly mean that all their entries 
are in X). This is not true for an arbitrary function space X. In particular, it 
can be shown that this is not true if X is the space C(T) of continuous function. 
Nevertheless, we prove that this is true for two natural classes of function spaces. 
The first class consists of so-called 7?.-spaces, i.e., spaces that can be described in 
terms of rational approximation in the norm of BMO (see [PK]). The second class 
of spaces consists of Banach algebras satisfying Axioms (Al)-(A4) below. In both 
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cases we apply so-called recovery theorems for unitary- valued functions obtained 
in [Pe2] and [Pe3]. 

We arc not going to give a formal definition of 7?.-spaces and refer the reader 
to [PK] for details. Roughly speaking, a linear 7^-space is a linear space X of 
functions on T such that X C VMO and there exists a Kothe sequence space E 
such that (p e X ii and only if <^ e BMO and the singular values of the Hankel 
operators and satisfy 

{sn{H^)}n>o e E and {sn{H^)}n>o e E. 

Recall that S is a Kothe sequence space if 

{Cn}n>0 G E, \dn\ < \Cn\ =^ {c?n}n>0 ^ E. 

Important examples of 7^-spaces are the Besov spaces B^^, < p < oo (see [PK], 
[Pel] (the corresponding Kothe space E is i^) and the space VMO of functions of 
vanishing mean oscillation (E is the space cq of sequences converging to 0). We 
refer the reader to [G] for definitions and properties of the spaces BMO and VMO. 

The second class consists of function spaces X G C (T) that contain the trigono- 
metric polynomials and satisfy the following axioms: 

(Al) IffeX, then f e X and P+/ G X; 

(A2) X is a Banach algebra with respect to pointwise multiplication; 

(A3) for every (p & X the Hankel operator is a compact operator from X+ 

to X_; 

(A4) if f E X and f does not vanish on T, then 1// e X. 
Here we use the notation 

X+ = {/ G X : /(j) = 0, J < 0}, X_ = {/ e X : f{j) =0, j> 0}. 

For simplicity we write $ e X if all entries of a matrix function $ belong to X. 
Note here that the Besov classes 5*^, 1 < p < oo, 1 < g < oo, s > the 
space of functions with absolutely convergent Fourier series, the spaces 

{/ : e VMO}, {/ : P+Z^'^) e C(T), P_/(") e C(T)}, n > 1, 

satisfy (Al)-(A4). 

Among nonseparable Banach spaces X satisfying (Al)-(A4) we mention the 
following ones: the Holder-Zygmund spaces A^^, a > 0, the spaces 

{/ : e BMO}, {/ : P+/(") G H°°, P_/(") e H°°}, n>l, 

the space 

{/: |/(j)| <const(l + |jr"}, a>l, 

(see [Pe3]). 

We need the following so-called recovery theorem for unitary-valued functions. 
Let X be either an 7?.-space or a space of functions satisfying (Al)-(A4) and let 
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W be a unitary- valued matrix function in X(M„^„) sucli tliat tlie Toeplitz operator 
Tu : i/2(C") ^ if2(^C") lias dense range. Then ' 

fMeX =^ UeX. (9.1) 

Moreover, if X is a Banach 7^-space, then we can conclude that 

< const \\U\\x. 

For 7^-spaces this was proved in [Pe2], for spaces satisfying (Al)-(A4) this was 
proved in [Pe3], see also [PK] for the scalar case. In fact, in [PK] and [Pe3] the 
assumptions on X were slightly different but it was shown in [AP2] that the method 
used in [Pe3] can be adjusted to work for all spaces satisfying (Al)-(A4). 

Note that both 7^-spaces and spaces satisfying (Al)-(A4) are contained in VMO. 
Therefore if $ G L°°(M„^„) and P_$ G X(M^^„), then Hq, is compact. 

To establish the main result of this section we need the fact that for a linear 
7^-space X the space X fl forms an algebra with respect to pointwise multipli- 
cation. Indeed, suppose that yj, G X fl L°° . Clearly, (yj G X if and only if G X, 
and so it is sufficient to prove that P_(v3^/') G X. Let / G H^. We have 

H^^f = F.ipiPf = P_^P+^/ + P„y.P_V^/ = H^T^f + %H^f, (9.2) 

where the operator : is defined by T^^g = F^ipg, g G H^. It is easy 

to deduce from (^) that P_((^^) G X. 

Theorem 9.1. Suppose that X is a linear TZ-space or X is a function space 
satisfying (A1)-(A4). Let ^ be a bounded m x n matrix function such that P_$ is 
a nonzero matrix function in X(Mm,n)- If F e H°^{M.rn,n) is a best approximation 
of $ and $ — F admits a partial canonical factorization 

^-F={li ° )(T e)*, 

then T, e, fi, S, f/, P_^ G X. 

Proof. Assume without loss of generality that to = 1. By Theorem p.4| , if 
we replace a best approximating function F with any other best approximation, 
we do not change P_\E'. Thus we may assume that F is the unique superoptimal 
approximation of $ by bounded analytic matrix functions. Then $ — F belongs 
to X. For linear 7^-spaces this was proved in [PYl], Theorem 5.1. For spaces X 
satisfying (A1)-(A4) this is Theorem 9.2 of [Pe3]. (Theorem 9.2 is stated in [Pe3] 
under slightly different assumptions but using the results of §4 of [AP2], one can 
easily see that the proof given in [Pe3] works for all spaces satisfying (Al)-(A4).) 

Let us first prove that B G X. Consider a partial thematic factorization of 
$ — F of the form (|5.2|) . Then the matrix functions Vj given by (|5.3|) belong to 
X. If X is a linear 7?.-space, this was proved in §5 of [PYl], for spaces satisfying 
(A1)-(A4) this was proved in §9 of [Pe3]. (Again this was proved in [Pe3] under 

33 



slightly different assumptions but the results of §4 of [AP2] show that the proof 
given in [Pe3] works for all spaces satisfying (A1)-(A4).) In particular the inner 
matrix functions Oj in (|5.3| ) belong to X. Since X fl L°° is an algebra, it follows 



now from (5^) that G X. 

Consider now the unitary- valued matrix function V = ( T ). We have just 
proved that P_V G X. As we have mentioned in §3, the Toeplitz operator Ty has 
dense range in H^{C^). Therefore by (|9.1| ), V G X, and so T G X. 

If we apply the above reasoning to $*, we prove that S G X and 17 G X. It 
follows now from (13) that f/ G X. Finally, it follows from (|5]|) that G X. 
■ 

Remark. It can be shown that if X is a linear 7^-space, then the X-norms of 
T, 0, f2, S, [/, P_\l/ can be estimated in terms of the X-norm of P_$. 



Clearly, it follows from Theorem 9.1 that the same result holds for arbitrary 



partial canonical factorizations. In particular, the following theorem holds. 

Theorem 9.2. Let $ G L°°{M.m,n) o-nd F is the superoptimal approximation of 
$ by bounded analytic matrix functions. If (|7.5|) is a canonical factorization of 
$ — F, then all factors on the right-hand side of (|7.5|) belong to X. 



Consider now separately the important case X = VMO. As we have already 
noted, VMO is an 7^-space. It is well known that if $ G then P_$ G VMO 
if and only if $ G + C It is also well known that QC = VMO n 



' oo 



Theorem 9.3. Let $ G {H°° + C)(M^,„) and P_<I) ^ 0. If F is a best approx- 
imation of $ by bounded analytic functions and $ — F admits a partial canonical 
factorization (WB), then V,W,U e QC and ^ G + 



Theorem |9.3| follows immediately from Theorem 9.1 if we put X = VMO 



10. Very badly approximable unitary-valued functions 

In this section we study unitary-valued very badly approximable matrix func- 
tions which play a crucial role in canonical factorizations. The following theorem 
describes such functions U under the condition H-ffc/He < 1- 

Theorem 10.1. Let U be an r ^ r unitary-valued matrix function such that 
||if[/||e < 1. The following are equivalent: 

(i) U is very badly approximable; 

(ii) the Toeplitz operator T^u '■ H'^^'C^) //^(C) has dense range in H'^{'C^); 

(iii) the Toeplitz operator T^u* '■ II^{C^) has trivial kernel. 

Proof. First of all it is trivial that (ii) is equivalent to (iii). The implication 
(i)^(ii) is proved in the Remark after the proof of Theorem |4.3| . 
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It remains to show that (ii) imphes (i). Again, it is explained in the Remark 



following the proof of Theorem 
factorization of U : 



3 that Tu is Fredholm. Consider a Wiener-Hopf 



u 







V 






-yd,- 



^1, 



where , ^ H'^iM.r^r)- It is well known and it is easy to see that (ii) is equiv- 
alent to the condition that all Wiener-Hopf indices dj are negative. It follows from 
the results of §3 of [AP2] that the superoptimal singular values to{U), ■ ■ ■ , tr-i{U) 
are equal to 1 which means that U is very badly approximable. ■ 
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